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Hartly Ross Type Unbiased Estimator in Stratified
Ranked Set Sampling Using Two Auxiliary Variables
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ABSTRACT

Ranked set sampling has gained much attention of the research in the
recent past due to its enhanced efficiency. In this article, we proposed
Hartly-Ross type unbiased estimator of the finite population mean using
two auxiliary variables in stratified ranked set sampling (SRSS). The
variance of the proposed unbiased estimator is derived up to first order of
approximation. Comparison among the proposed and competitor
estimators are made both theoretically and through rigorous simulation
study. It is observed that the newly suggested Hartly-Ross type estimator
is more efficient as compared to all the considered competitor estimators
under SRSS design.

Keywords: Stratified Ranked set sampling, Hartly Ross estimator,
efficiency.

INTRODUCTION

When the survey variable is costly and time consuming then Ranked set sampling
(RSS), proposed by Mclintyre (1952), proved to be more effective in reducing cost and
increasing efficiency. In RSS, the variable can be ranked easily at no or lower cost.
Takahasi and Wakimoto (1968) proved the mathematical theory that the sample mean
under RSS is an unbiased estimator of the finite population mean and is more efficient
than the sample mean estimator under simple random sampling (SRS). Stokes (1977)
suggested ranking of elements on the basis of auxiliary variable instead of personal
judgment.

Hartley and Ross (1954) were the first to propose an unbiased ratio estimator for
finite population mean in SRS. Later, Pascual (1961) proposed an unbiased ratio type
estimator in stratified random sampling. Singh et al. (2014) and Kadilar and Cekim
(2014) suggested Hartley-Ross (HR) type unbiased estimators of the finite population
mean using auxiliary information of population parameters in SRS. Khan and Shabbir
(2016a) proposed a class of HR type unbiased estimators using RSS scheme. Khan and
Shabbir (2016b) suggested several HR type unbiased estimators using known information
of population parameters of auxiliary variable under RSS and SRSS design. Khan et al
(2017) proposed several unbiased ratio type estimators in SRSS when population mean
for the auxiliary variable is known.
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Keeping in view the vitality of HR estimator and usage of auxiliary information,
we propose HR type unbiased estimator of the finite population mean using two auxiliary
variables under SRSS scheme. Variance expression up to first order approximation has
been derived. The newly proposed estimator is then compared with some existing mean
estimators both theoretically and numerically.

SAMPLING SCHEME

In ranked set sampling, m independent random samples each of size m are
chosen and the elements in each sample are selected with equal probability and without
replacement from a finite population of size N.The elements of each random sample are
then ranked with respect to the characteristic of the study variable or auxiliary variable.
Let Y be the study variable and X and Z be the two auxiliary variables having some
correlation with the study variable. The randomly selected m? tri-variate sample elements
from the population are allocated into m sets, each of size m. Each sample is ranked with
respect to one of the auxiliary variables X or Z. In this study, ranking is done on the basis
of auxiliary variable X. An actual measurement from the first sample is then taken on the
elements with the smallest rank of X, together with variables Y and Z associated with
smallest rank of X. From second sample of size m, the variables Y and Z associated with
the second smallest rank of X are measured. By this way, this procedure is continued
until the Y and Z values associated with the highest rank of X are measured from the m‘h
sample. This completes one cycle of the sampling. The process is repeated r time to
obtain the desired sample of size n = mr elements.Thus, in an RSS scheme, a total of m?r
elements have been drawn from the population from which only mr of them are selected
for analysis.

To estimate population, mean (Y) in SRSS, the procedure is outlined as:

1. Step 1: Select m? tri-variate sample units randomly from the ht" stratum of
the population.

2. Step 2: Arrange these selected units randomly into my, sets, each of size m.

3. Step 3: The procedure of ranked set sampling (RSS) is then applied on each
of the sets to obtain the my, sets of ranked set samples, each of size my. Here,
ranking is done with respect to the auxiliary variable Xn. These ranked set
samples collectively form mh sets, each of size my units.

4. Step 4: Repeat the above steps r times for each stratum to get the desired
sample of size np = mr.

Under S{RSS scheme, the usual sample mean estimator (y SRss) is given by;

Vo0 = Sk Wy FhIrss] )
Where,yh[rss]= (1/mnr) ¥7-; Y ypli:mp]j andPa=wn / Nis the known stratum weight.

i=

The variance of ySRSS is given by;

—2
\% (yl(u)) = Yho1 PRV (ynCon — Wih). 2
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Khan and Shabbir (2016b) suggested the following Hartly-Ross unbiased estimator in
SRSS

et _ - bp(Xp-x 7SS k74 (Nh—-1) — - -
ygu) - 2%1:1 Ph [(Th[rss] + h( Lt ])> Xp + ;};(nh 1) (yh [T'SS] - rh[rss]xh[rss])]:
3

and its variance is given by
—2 — \2—2
@(u)) = Yho1 P} [Yh()’hcﬁh —W5)+ B+ Rn) X n(ynCin — szh)]

-2(1+ Rp) XpYp (thﬁh xh — W;h xh)- 4)

Alternatively, Khan et al (2017) suggested a more improved Hartly-Ross type
unbiased estimator in RSS. This estimator along with its approximate variance is
appended below.

Eh(rss)

— _ 3 np(Nh-1) /— — —
(u) = Yh=1Pn [Th[zmh]Xh m&h[i:mh]_ rh[i:mh]xh[i:mh])]' %)

—2 —2 =2
\% @(u) =Yho1 PR [Yh(yhcjgh - Wyzh[i:mh]) + X w R n(ynCin — szh[i:mh])]

'ZﬁhY h7h (Yh th xh — th xh)- (6)
Proposed Hartly-Ross Type Unbiased Estimator in SRSS

Inspired by the work of Khan and Shabbir (2017), we suggest the following
Hartly-Ross type unbiased estimator in SRSS.

ySRSS = Zlfi:l Py, [Fh[TSS]gh [rss ]Eh] )
— Z}j:lzﬁqr[i:m 1 . . y[i:m li = Zr:lzzh g[i:mh]j
Where,rh[rss] = m—hrh' rliimglj, = x[i:m:]j Inirss 1= ’ Lr:zhr

P— X{imn)i Yh=1Zi
[tmhl) Z[ i:mn)i =N,

Now

L
Z Ph I:Fh[rss]gh [TSS ]Zh]
h=

SN, — 1y o
= Z Py [( N )ZhSh[i:mh] + RhGhZh]
] NpiVNp

E (ySRSS _)E

=
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N _
ijhlg[i:mh]j (rlimn)j— Rn

Where Eh = E(Fh[rss]),ah = F (gh[rss]),and Srg[i:mh] = Np—1

B(?SRSS =E (yStRSS)) -Y
= Yh=1Pn [(Nh V7 ZnSegpizmny — (Y — EhEhZh)]

(Np-1) = — = = =
=Yh-1Py [ A ZhSTg[l :mh] — Yy + RyGnZp — E(T[i:mh]g[i:mh])zh +

E(T[i;mh]g[i:mh])zh]

hi=1Pr [(Nh 2 ZnSrgtimn = Y+ E(Timmdtimn) Zn — E(fimmn Gjimn))Z +
E(T[i:mh]g[i:mh])zh]

(Nh 1)+

Np-1) = v
1Ph [ he ZhSrg[z :mh] — Yy — ZhSrg[l mh] T E(T[l :mh]Yi: mh])Z]

Np-1)— (Nh D+~

=1Pp [ ZhSrg[l :mh] — ZhSrg[l :mh] T E(r[l :mh]9[i: mh])Z]

h—1)

i:mh]X[i:mh]
ZhSrg[Lmh]+E< Al h)E(Z[lmh])_

X[i:zmh)Z[i:mh

_ (Np-1) =
=Yh-1 Py [ n:Nh ZpSrglizmn] —

Ylizmh]
B (32 1)
2] Z[i:mh]

(Np-1)— (N
- Zh 1 Ph [ o ZhSrg[l 'mh] — ZhSrg[L :mh] + E(h[l :mh]Z[i: mh])
E (h[i:mh]z[i:mh])]
L
Ny —1) - (Np—1) - (N, — 1)
thPh [thsrg[i:mh] — N—hZhSrg[L mh] — N—hShz[i:mh]
Or
Np=1) ((np—1) 7
B(.VSRSS) h 15h Ii\l,—h( n;h ZhSrg[l :mh] + ShZ[l mh])] (8)
1 Vi j
Where ShZ[l :mh] = _121 1 h[l :mh]j (Z[l :mhl]j — Zh) and h[l :mhlj = Z[[:::]]j

Theorem 1: An unbiased estimator of
Np

Srh[l :mh]j gh(izmh) = N Z(rhh mh]j — Rh)(gh[l :mh]j Gh) is gerTl by
]—1
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np — — —
=1 (hh[i:mh] - T‘h[i:mh]gh[i:mh])'

Srh[i:mh]j gh(izmh) =
Proof

We have to prove that E(Srh[i:mh]j gh(i:mh)) = Srh[i:mh]j gh(i:mh) .FOT‘ fixed i,j =

1.2,.... » M, Trafizmh]j and gh(i:mh) j are simple random samples of size np

E (Srh[l :mh]j gh(i: mh)) E [nh 1 (hh[l :mh] — rh[l mh]gh[l mh])]

=E [nh1_1 Z] 1 ((Th[l :mhlj — rh[z mh]) (gh[l :mhl]j gh[l mh]))]

1 h —
=k [2}21 (Th[i:mh]jgh[i:mh]j — Ny ?h[i:mh]jgh[i:mh])]

= T 1 [Z} 1 (E(Th[l :mh]jYhli: mh]j) —npE (Th[L mh]gh[l mh]))]

= 1_1 [%2?21 Thiizmh]jJhli:mh]j — h (COU (Fh[i:mh]:gh[i:mh]) + Fhﬁh)]

Np
_ _np [1 Ny _ B _ Srlimn9limn
=i Nh2j=1r[i:mh]jg[i:mh]j RG —

= Srhlizmh)gh[izmh]-
Theorem 2: An unbiased estimator of

Np
1

Srhlimh)zh[izmh] = N_hﬁz ((hh[i:mh]j — Hp) (Znjizmnyj — 711)) is given by
=

np _ —_ _
Srhlizmh)zh[izmh] = nh——l(yh[i:mh] - hh[i:mh]zh[i:mh])-

We know to prove that

E(Shnfi:mniznjimn)) = Shhjimn)znliamn]

Forfixed i,j=1,2, ...., ny, Ap[izmn)j and zp[i.mn); are simple random samples of size
np.

E(Shh[l :mh]zh|i: mh]) E [Tl 1 (yh[i:mh] - hh[i:mh]Eh[i:mh])]r

= [ ~h 2] 1(hh[l :mh] — hh[l mh])(Zh[l :mh] — Zh[l mh])]

np—1

e _ _
=k [Z,-il Rufizmn)Znjimn)j — nhhh[i:mh]zh[i:mh]]r
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= Z;Zl E(Rp[imn) Znjimn)j) — nhE(Eh[i:mh]Zh[i:mh])]r

= 2 Z] 1 Pufismn) Zrimn)j — e (Cov(hh[l mh]Zh[L mh]) + HhZh)]

np—1LN
_ ny 'iznj . ' _H7 - Shli:zmh]Z[i:mh]
T -1 v, 2=t h[i:mh]Zh[i:mh]j I
=™ (g _ Shlimh]Z[imh]
- np—1 h[i:zmh]Zh[i:mh] nn

= Sh[i:mh]Zh[i:mh]

An unbiased estimate of bias given in Eq (8) becomes

L
~ [ Ahl__]- np —-1_
B (}’(SRSS)) = - ;Ph[ Nh ( Ny Zhsrg[i:mh] + Shz[i:mh])]

1
Where, Srg[l m] = Z] 19[i:m]j (r[l m]j — T) and ShZ[l m] =
EZj:l hliomyj (Z[i:m]j - 7).

L

—w) _ _ — N, —1/m, —1_
YV, = Z Py [rh[rss]gh[rss]zh + —Nh (—nh Zhs‘r‘g[l :mh] + Shzi: mh])]
h=1

e _ — = np(Np—1) [ np—1
- Zh:l Py [rh[TSS]gh[rss]Zh + Nh(nh—l)(

(yh [rss] — zp [rss] Eh [rss] )
©)

(hh[rgg] - rh[rss gh[rss])> Zh t

To find the variance of the unbiased estimators, we define the following error terms.

Ynirss] = Yh(1+ 8on), Xnprssy = Xn(1+ 810)Thprssy = Ra(1+ 821),
Znprss) = Zn(1+ O3p), hnpss) = Ho(1+ 84n), Inrss) = Gp(1+ 8sp),
Such that E(8,,) = 0, (p = 0,1,2,3,4,5),and

E((&?h)) = YnCon — Wy, ((51h)) = YnCin — Wi, ((62h)) = ynCh
E((53Zh)) = YnCin — Wi 'E((&fh)) = YnCin — Wih ;E((552h)) = YnCan
E(Sond3n) = YnCynzh — Wynzn + E(BonOsn) = VYnCyngh — Wyngn

E(S3r05n) = VhCyhgh — Wyngn

2
rh'

Wgh,

81
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Where,
1 m
Wy, = miryizi:l Tonpimn) + Wen = il —— X Topimn) » Wi = m2 I —— 2 Thiamn
1
Wi, = v sz T imn) » Wi = e Yt Thngimn » Weh = mﬁi’i T hlimh]
1 m 1 m
Wyh zn = ng& Tyh zh(i:mh) » Wyn gn = Wzii Tyh gh(izmh) »
1 1
Wih gh = WZI’;’; Tzh gh(iomh) » Wyh xh = WZQ{ Tyh xh(izmh),
And
Tynimn] = (Byngimn) — Yh) o Tenimn] = (Mxnpimn] — Xn)» Trafimn) =
(rnjizmn; — Rn)
Tzh[izmh] = (#_zh[i:mh] - Zh)’fhh[i:mh] = (.uhh[i:mh] - ﬁh)ngh[i:mh] =
(tgnizmn) — Gn)
T_yhzh[i:mh] = (#y_h[i:mh] - ?h)(.uzh[i:mh] - 7h)17:yhgh[i:mh] = (.Uyh[i:mh] -
Y1) (Uzhimny — Gn)
Tzh ghlizmh] = (.uyh[i:mh] - Zh)(#zh[i:mh] - Eh)vahxh[i:mh] = (.uyh[i:mh] -

?h)(:uzh[i:mh] - Yh)
Here, Cyh zh = Pyn ZhCthZh' Cyh xh = Pyhn xhCthxh’
Cyh gh = Pyn ghCthghCzh gh = Pzh ghCzthh

Cyn ,Czn ,and Cgp, are the coefficients of variation of ys, zh and gn, respectively. The
values Of iy p(i: mn)s Hxh[i: mh]» Brrfi: mh]» Hzh[i: mh]s BRh[i: mh]»

Hgh[i: mn], aNd tzn(i: mp)  depend on order statistics from some specific distributions (see
for example Arnold et al.( 1992)).

In terms of &'s, we have

(np,— 1)

np

. L np(Np — 1)
v = ZPthGhZh(l + 8 (1 + 65")N’;(n: -1

— ZpRpGr(1 + 8)(1 + 85p) + Yr(1 + Son)
— ZpHp(1 + 85,1 + 54h)]-

ZyHp(1+ 84p)

Under the assumptions (1\11;\1]_—1) =1and @ = 1 we can write
h h
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L
yiu) -y = Z Pu[(YhOon — ZnHpb3p)]
h=1
Taking square and then expectation, the variance of y(st Rss) is given by
—2 —2—=2
V(J’z(;u)) he1 Pi [Yh()’hcﬁh — Wh) + ZyHy(yaCh — W2) —
2 YhZhHh(VCyh zh — Wyh zh)] . (10)

Efficiency Comparison

We obtain the conditions under which the proposed unbiased estimatorii ) s more

efficient than the usual RSS mean estimator y§ and HR type unbiased estimator y(

and y(u)
() By Eq (2) and Eq (10),

V()< v ()

ZhHh(YhCzh W2) — 2YnZyHp(yCynzn — Wyhzh)] < 0.

IIMP‘

(ii) By Eq (4) and Eq (10),

v (3:) < v(52°)

—2—2 —_ e —
P; [ZhHh(Vhszh - W2) — 2YnZyHy(yCynn — Wyhzh)] <

>

1l ~

[y
>
1l ~
[y

(iii) By Eq (6) and Eq (10),

/()< V2

_2_2 o _
P? [ZhHh(Vhszh - szh) - ZYhZhHh(VCyhzh - Wyhzh)] <

=
||Mh
Y

—2—=2 — = —
P [Xth(YhCJ?h(k) — Wehaimny) — 2RnXnYn(¥Cynxn — Wyhxh(i:mh))]l

83
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L
pr% [(Br + Ru)Xn(ynCo — Wa) — 2(1+ Rp)XnYn(YCynzn — Wyn zn)]
h=1

A simulation Study in SRSS

To compare the performances of the proposed estimators, a simulation study is
conducted. Ranking is performed on the basis of the auxiliary variable X. Tri-variate
random observations (Xn, Yn, Zn), h =1, 2, ..., L are generated from a tri-variate normal
population  whose  population  parameters are (.uxhr.uyh' Uzhs Oxns Oyns Ozn,
PyxhPyzhs Pxzn)- - Here, L= 3, Py = (.30, .30, .40), my = (3, 4, 5), r = (3, 4, 5, 10, 15, 20),
Mxh = (2, 3, 4), Hynh = (1, 2, 3), Hzn = (3, 4, 5), Oyh = (1, 1.5, 2), Oxh = (1, 1.5, 2) Ozh= (1, 1.5,
2). On the basis of 20, 000 repetitions, estimates of Variances, P RB and percentage
RRMSE are computed under stratified ranked sampling scheme as described in Section 2.
Estimators are also compared in terms of PRES. We use the following expressions to
obtain the Variances, P RB, P RRMSE and PREs.

PRB(y(“)) - Y[zoooo220000 (ygu) - ?)] X100, 1= 1234

V(yl(u)) - 20000220000 (yl(u) 7)2 1= 1234

1=

PRRMSE(7(") = 320000 (5 — ?)2]2 X100, i = 1,2,34

V1)
o)

Table 1: Simulated variances and (PRES) of different estimators (assuming equal
standard deviation for each stratum).

L =3, P, = (.30, .30, .40), my= (3, 4, 5), r = (3, 4, 5, 10, 15, 20).

v [20000
PRE(y") =

X100,i=1,2,3,4.
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Table 2: Simulated RRMSE and (PRB) of different estimators (assuming equal standard

deviation for each stratum).

Nh ?iu) ?gu) ygu) yiu)
9,12,15 0.03633 0.03175 0.03409 0.02709
(100) (114) (106) (134)
12,16,20 0.02647 0.02228 0.02385 0.01863
(100) (118) (110) (142)
15,20,25 0.01965 0.01653 0.01776 0.01424
(100) (119) (111) (138)
30,40,50 0.01051 0.00925 0.01021 0.00810
(100) (113) (104) (130)
45,60,75 0.00672 0.00590 0.00621 0.00517
(100) (113) (108) (129)
60,80,100 0.00508 0.00458 0.00486 0.00386
(100) (111) (104) (131)
L =3, Py = (.30, .30, .40), my= (3, 4, 5), = (3, 4, 5, 10, 15, 20).
Nh yiu) y;u) ygu) y‘(tu)
9,12,15 8.89 8.31 8.43 7.80
(0.11) (0.12) (0.14) (0.08)
12,16,20 7.59 6.97 7.04 6.35
(-0.06) (-0.22) (0.18) (0.03)
15,20,25 6.55 6.01 6.18 5.70
(0.42) (0.36) (0.38) (0.21)
30,40,50 4.78 4.49 4,52 4.20
(-0.04) (-0.07) (-0.08) (-0.03)
45,60,75 3.82 3.58 3.60 341
(-0.04) (-0.13) (0.09) (-0.02)
60,80,100 3.33 3.17 3.22 291
(-0.02) (-0.03) (-0.03) (-0.01)

Table 3: Simulated variances and (P REs) of different estimators (assuming unequal

standard deviation for each stratum).

L =3, Pn= (.30, .30, .40), my= (3, 4, 5), r = (3, 4, 5, 10, 15, 20).
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Nh yiu) y;u) ygu) yL(lu)

9,12,15 0.1778 0.01354 0.01592 0.01044
(100) (131) (111) (170)

12,16,20 0.01187 0.00944 0.01094 0.00677
(100) (125) (108) (175)

15,20,25 0.00995 0.00781 0.00921 0.00508
(100) (127) (109) (195)

30,40,50 0.00530 0.00409 0.00447 0.00285
(100) (129) (118) (185)

45,60,75 0.00354 0.00253 0.00315 0.00208
(100) (139) (112) (170)

60,80,100 0.00241 0.00193 0.00211 0.00131
(100) (125) (114) (184)

Table 4: Simulated RRMSE and (P RB) of different estimators (assuming unequal

standard deviation for each stratum).

L =3, P, = (.30, .30, .40), my= (3, 4, 5), r = (3, 4, 5, 10, 15, 20).

Nh y:(Lu) ygu) y;u) y‘(l-u)
9,12,15 6.02 5.26 5.65 4.61
(-0.15) (0.18) (0.20) (0.02)

12,16,20 4.92 4.38 441 3.70
(0.23) (0.11) (0.16) (0.07)

15,20,25 4.55 3.92 3.90 3.20
(0.12) (0.23) (0.21) (0.10)

30,40,50 3.29 2.90 3.01 2.42
(-0.18) (-0.23) (-0.29) (-0.16)

45,60,75 2.68 2.27 2.33 2.06
(0.02) (-0.13) (-0.18) (-0.03)
2.22 2.00 2.05 1.62
60,80,100 (-0.10) (-0.08) (-0.11) (-0.01)
CONCLUSION

The simulated variances and PRE values are calculated for different sample size
assuming equal standard deviation for each stratum and are shown in Table 1. The results
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of Table 2 showed the simulated values of RRMSE and PRB for equal standard deviation
having different stratum size. Similarly, Tables 3 and 4 showed the simulated values of
variances, PRE, RRMSE and PRB for different sample size assuming unequal standard
deviation among strata. The proposed estimator has minimum variance and has greater
PRE values as compare to competitor estimator. The new suggested estimator has
minimum values of RRMSE and PRB. It is observed that the newly suggested Hartly-
Ross type estimator is more efficient as compared to all the considered competitor
estimators under SRSS design.
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