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Exponential Ratio Type Estimators of Population Mean using 

Two Auxiliary variables under Non-response 

Lakhkar Khan1, Imad Khan2 

ABSTRACT 

            In this paper, we propose exponential ratio type estimators for 

estimating the population mean of the study variable using 

information on two auxiliary variables under the situations when 

certain observations for some sampling units are missing. These 

missing observations may either be in auxiliary or study 

variables. The expressions for bias and mean square error of the 

proposed estimators are obtained up to first order of 

approximation using simple random sampling without 

replacement (SRSWOR). Comparison of the proposed 

exponential ratio type estimators with revised ratio estimators 

are made both theoretically and through simulation studies.  The 

simulation study showed that proposed estimators are efficient 

as compared to their competitor estimators. 

            Keywords: Auxiliary Variables; Bias; Mean squared error; Non-

response. 

INTRODUCTION  

Efficiency of an estimator can be increased by using auxiliary information when 

estimating an unknown population parameter during a sample survey. Most of the times 

this information is available from the previous studies or Census. Widely used estimators 

when utilizing auxiliary information are ratio, regression and product estimators. In past 

few years a lot studies are conducted to estimate the population mean of a variable under 

study when complete information is available about the variable under study and 

auxiliary variables ( variable which assists in estimation more efficiently) [see Jain 

(1987), Naik and Gupta (1991), Diana and Perri (2007) and Singh and Agnihotri (2008)).  

Currently, most of the researchers are contributing in estimating population 

parameter in the presence of incomplete information or missing due to various reasons 

like refusal of respond and unavailability of sampling units when survey is conducted etc. 

To minimize this bias, it is very important to contact those non-respondents again and try 

to get complete information through personal interview or any other technique. To 

                                                           
1 Associate Professor of Statistics, Govt. Postgraduate College Mardan, Pakistan, Corresponding 

Author’s Email: Lakhkarkhan.stat@gmail.com 
2 Lecturer in Statistics, GPGC Mardan,  Pakistan 

mailto:Lakhkarkhan.stat@gmail.com


Khan, Khan 60 

estimate the variable under study while having the problem of non-response most of the 

work has been done using ratio, product and regression estimators [see Hansen and 

Hurwitz (1946), Khare and Srivastava (1997), Okafor and Lee (2000), Tabasum and 

Khan (2004, 2006), Singh and Kumar (2008, 2010)]. 

When all information about sampling units is available and there is a positive 

correlation between study and auxiliary variables ratio estimators are used to estimate the 

unknown population mean of variable under study. But, in case of incomplete 

information which may occur either in variable under study or auxiliary variable, the 

conventional way of estimating the unknown parameter cannot be straight forwardly used 

to analyse the data. It is observed that a huge class of ratio estimators are proposed to 

estimate population mean under different situations in the presence of non-response 

either in variable under study or auxiliary variable. 

 General Notations 

Let y,x and z denotes the positive valued variable under consideration and 

positive valued of the auxiliary variables respectively. Assume the there is a positive 

correlation among y,x and z . Let (Yi,Xi,Zi), i=1,2,3,…….,N denotes the values of the tri-

variate  (y,x,z) on the iikj unit of the population of size N. Consider a sample , say “s”, of 

size n is drawn with simple random sampling without replacement (SRSWOR) from this 

population. Now the problem is to estimate the population mean of the variable under 

study (y) and assumed that the auxiliary variables has known population mean.  

It is assumed that (n-p-q-r) observation of (y,x,z), namely (y1,x1,z1),(y2,x2,z2),. . . 

.(yn-p-q-r,xn-p-q-r,zn-p-q-r) measured on selected units in the sample are completely available . 

In addition to these available observation, let x ֒1, x2
֒,……, x֒p denotes the available 

observation of x on these p units in the sample and let z ֒1,z֒2,……..,z֒r denotes the available 

observation of z on these r units in the sample similarly y1
֒֒,y2

֒֒,……..,y֒֒q denotes the 

available observation on y on these q units I the sample thus we have the following  sub 

samples of the sample ‘s’. 

 

 

 

 

 

 

 



Exponential Ratio Type Estimators of Population Mean using Two Auxiliary variables  

 

61 

To derive the properties of the proposed estimators the following notations are 
used [Kumar and Kaur (2014)] 
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To derive the biases and mean square errors of the revised estimators we proceed 

as follows. Let’s take:   
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Under SRSWOR, we have the following expectation 
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Biases and Mean Square Errors of the Revised Estimators 
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7 exp exp ,
A

er A
A

X x Z z
y y

X x Z z

    
                      

(based on sub-sample S1US3US4)         (31) 

8 exp exp ,
AA

er A
AA

X x Z z
y y

X x Z z

    
                     

(based on whole sample S)                 (32) 

These proposed exponential type ratio estimators will be compared with the 

corresponding revised estimators with respect to mean square errors. 

 

Biases and Mean Square Errors of the proposed exponential type ratio Estimators 

 
2 2

1

3 3 1

8 8 2
.

1 1

2 4

p q r x p q r z p q xy x y

r

q r yz y z p r xz x z
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f C C f C C



 

    

 

 
  

  
   
 

                                     (33)

 

 
2 2 2

2

1

1 1

4 4
.

1

2

p q r x p q r z p q r y

r

p q xy x y q r yz y z p r xz x z

f C f C f C

MSE y Y

f C C f C C f C C  

     

  

 
  

  
    
                          (34)

 

 
2 2 2 2 2

1

2

3 3 1 1 3

8 8 8
.

1 1 1

2 2 4

p q r x x p q r z

r

p q xy x y q r yz y z p r xz x z

A f C C f C
p N

bias y Y

Af C C f C C Af C C



  

   

  

  
    

  
 
   
                  (35)

 

 

2 2 2 2

1

2
2 2

2

1 1 1 1

4 4

1
.

4

1

2

p q r x x

p q r z p q r y p q xy x yr

q r yz y z p r xz x z

A f C C
p N

MSE y Y f C f C Af C C

f C C Af C C





 

 

    

 

  
   

  
 

    
 
 
  
 
 

                                 (36)
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 
2 2 2 2 2

3

3

3 3 1 1 3

8 8 8
.

1 1 1

4 2 2

p q r z z p q r x

r

p r xz x z p q xy x y q r yz y z

F f C C f C
r N

bias y Y

Ff C C f C C Ff C C



  

   

  

  
    

  
 
   
                   (37)

 

 

2 2 2 2 2

3

2
2

3

1 1 1 1 1

4 4 4

.

1

2

p q r z z p q r x

p q r y p q xy x y q r yz y zr

p r xz x z

F f C C f C
r N

MSE y Y f C f C C Ff C C

Ff C C



 



   

   



  
    

  
    
 
 
 
 

                        (38)

 

 
2 2

4

3 3 1

8 8 4
.

1 1

2 2

p q r x p q r z p r xz x z

r

p q xy x y q r yz y z

f C f C f C C

bias y Y

Bf C C Bf C C



 

    

 

 
  

  
   
                                     (39)

 

 
2 2 2 2 2 2

2
2

4

1 1 1 1

4 4
.

1

2

p q r y y p q r x p q r z

r

p q xy x y q r yz y z p r xz x z

B f C C f C f C
q N

MSE y Y

Bf C C Bf C C f C C



  

     

  

  
     

  
 
   
         (40)

 

 

2 2 2 2 2 2

3

2 2

15

3 3 1 1 3

8 8 8

3 1 1 1
.

8 4

1 1

2 2

p q r z z p q r x

x p r xz x zr

p q xy x y q r yz y z

F f C C A f C
r N

bias y Y C AFf C C
r N

Af C C Ff C C



 

 

   



 

  
    

  
  

     
  

 
  
 

                      (41)

 

 

2 2 2 2 2 2

1

2
2 2 2

35

1 1 1 1 1

4 4 4

1 1 1
.

4

1

2

p q r x x p q r z

z p q r y p q xy x yr

q r yz y z p r xz x z

A f C C F f C
p N

MSE y Y C f C Af C C
r N

Ff C C AFf C C



 

 

   

  

 

  
    

  
  
      

  
 
  
 
 

                 (42)
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 

2 2 2 2

1

2

6

3 3 1 1

8 8

3 1
.

8 4

1 1

2 2

p q r x x

p q r z p r xz x zr

p q xy x y q r yz y z

A f C C
p N

bias y Y f C Af C C

ABf C C Bf C C





 

 

  

 

  
   

  
 

   
 
 
  
 
 

                                          (43)

 

 

2 2 2 2 2

1

2
2 2 2 2

26

1 1 1 1 1

4 4 4

1 1
.

1

2

p q r x x p q r z

p q r y y p q xy x yr

q r yz y z p r xz x z

A f C C f C
p N

MSE y Y B f C C ABf C C
q N

Bf C C Af C C



 

 

   

  

 

  
    

  
  
      
  
 
  
 
 

                   (44 

 

 
2 2 2 2 2

3

7

3 3 1 1 3

8 8 8
.

1 1 1

4 2 2

p q r z z p q r x

r

p r xz x z p q xy x y q r yz y z

F f C C f C
r N

bias y Y

Ff C C Bf C C BFf C C



  

   

  

  
    

  
 
   
              (45)

 

 

2 2 2 2

3

2 2 2 2 2
2

2

7

1 1 1 1

4 4

1 1 1

.4

1

2

p q r z z

p q r x p q r y y

r

p q xy x y q r yz y z

p r xz x z

F f C C
r N

f C B f C C
MSE y Y q N

Bf C C BFf C C

Ff C C





 



 

   

 



  
   

  
  
        
  
 
 
 
 

                          (46)
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 

2 2 2 2

1

2 2 2 2

3

2 2 2 2

28

3 3 1 1

8 8

3 3 1 1

8 8

1 1
.

1 1

2 2

1

4

p q r x x

p q r z z

p q r y yr

p q xy x y q r yz y z

p r xz x z

A f C C
p N

F f C C
r N

bias y Y B f C C
p N

AFf C C BFf C C

ABf C C







 



 

 

 

 



  
   

  
  
    

  
 

      
  
 
  
 
 
 
 
 

                                       (47)

 

 

2 2 2 2

1

2 2 2 2

3

2
2 2 2 2

28

1 1 1 1

4 4

1 1 1 1

4 4

1 1
.

1

2

p q r x x

p q r z z

p q r y yer

p q xy x y q r yz y z

p r xz x z

A f C C
p N

F f C C
r N

MSE y Y B f C C
q N

AFf C C BFf C C

ABf C C







 



 

 

 

 



  
   

  
  
    

  
 

      
  
 
  
 
 
 
 
 

                                        (48)

 

Where 

n p q r
A

n q r

   
  

  
, 

n p q r
B

n p r

   
  

  
, 

n p q r
F

n p q

   
  

  
 

1

p

n q r


 
  

  
, 

2

q

n p r


 
  

  
, 

3

r

n p q


 
  

  
 

1 1
p q rf

n p q r N
 

 
  

   
, 

1 1
p qf

n p q N


 
  

  
 



Khan, Khan 70 

1 1
p rf

n p r N


 
  

  
, 

1 1
q rf

n q r N


 
  

  
 

Comparison between Proposed and Revised Ratio Estimators 

Comparison of proposed exponential type ratio estimators and revised estimators. 

For comparison of 
1ry and

1ery  , 
1ery is efficient than

1ry , if  

1 1( ) ( ) 0r erMSE y MSE y   

2 23 3

4 4
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2

p q r x p q r z p q xy x y

q r yz y z p r xz x z
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    
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For comparison of 
2ry and

2ery  , 
2ery is efficient than

2ry , if 

2 2( ) ( ) 0r erMSE y MSE y   
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3 3 1 1 3
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For comparison of 
3ry and

3ery  , 
3ery is efficient than

3ry , if 

3 3( ) ( ) 0r erMSE y MSE y   

2 2 2 2 2
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4 4 4
0

3

2
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q r yz y z p r xz x z
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 

 
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 
  
 

 

For comparison of 4ry and 4ery  , 4ery is efficient than 4ry , if 

4 4( ) ( ) 0r erMSE y MSE y   
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2 2 23 3

4 4
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For comparison of 
5ry and

5ery  , 
5ery is efficient than

5ry , if 

5 5( ) ( ) 0r erMSE y MSE y   

2 2 2 2 2 2 2 2

1 3
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 
   
 

 

For comparison of 
6ry and

6ery  , 
6ery is efficient than

6ry , if 

6 6( ) ( ) 0r erMSE y MSE y   
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For comparison of 
7ry and

7ery , 
7ery is efficient than

7ry , if 

7 7( ) ( ) 0r erMSE y MSE y   
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2
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
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   
 
   
 

 

For comparison of 8ry and
8ery , 

8ery is efficient than 8ry , if 

8 8( ) ( ) 0r erMSE y MSE y   
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2 2 2 2 2 2

1

2 2

3

3 3 1 1 3

4 4 4
0

3 1 1 3

4 2

p q r x x p q r z

z p q xy x y q r yz y z p r xz x z

F f C C F f C
p N

C AFf C C BFf C C AFf C C
r N



   

   

  

  
    

   
  
       

  

 

Simulation Study 

To obtain the mean square error (MSE), of the proposed exponential ratio-type 

estimators, a simulation study is conducted. Trivariate random observation (X, Y, Z) are 

generated form a trivariate normal distribution with known correlation coefficients

0.90yx  , 0.80yz   and 0.70zx  . Using 20,000 simulations, estimates of mean 

square (MSE) for different revised ratio estimators and exponential ratio-type estimators 

are computed using simple random sampling without replacement. 

             While performing a simulation study, we use the following steps in sequence:  

1) A sample, say “S” of size n is drawn from trivariate normal distribution using 

simple random sampling without replacement (SRSWOR). 

2) Take the fixed values of missingness rates that is p, q and r. 

3) Randomly, we deleted q observation from the set of observations of the study 

variable and p observations from the set of observation of auxiliary variable X 

and r observations from the set of observations of the auxiliary variable Z. 

4) Identify the sub-samples, S1, S2, S3 and S4. 

5) The values of the estimators �̅�r1 

, �̅�r2, �̅�r3, �̅�r4, �̅�r5, �̅�r6, �̅�r7, �̅�r8, , �̅�er1, �̅�er2, �̅�er3, �̅�er4, �̅�er5, �̅�er6, �̅�er7, and  �̅�er8, for each (n, p, 

q, r). 

6)  Calculate the mean square error of these estimators by 20,000 values that are 

obtained from 20,000 different simulated samples drawn from the trivariate 

normal distribution 

We have taken the different values of (n, p, q, r) as shown in Table I. in the 

remaining Tables we have mentioned the MSE of the values of various estimators, 

considered in this paper obtained for the simulated 20,000 different samples drawn from 

the trivariate normal distribution on taking various values of sample size and values of 

missingness rates. 

We use the following expression to obtain the MSE of revised ratio estimators 

and exponential type-ratio estimators. 

   
20000 2

1

1

20000
ri ri

j

MSE y y j Y


  , i=1, 2, 3… 8., and   

   
20000 2

1

1

20000
eri eri

j

MSE y y j Y


  , i=1, 2, 3… 8 
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Table 1: MSE of various estimators for sample size n= 18 

Missing 

Rates 
�̅�r1 �̅�er1 �̅�r2 �̅�er2 �̅�r3 �̅�er3 �̅�r4 �̅�er4 

p=3,q=4,r 

=4 

2.39657

4 

0.739382

8 

1.95148

6 

0.68160

2 

2.26859

2 

0.742648

8 

2.16171

6 

0.569414

7 

p=3,q=4,r=

5 

3.18210

7 

0.939606

6 

2.41203

3 

0.85822

2 

3.35374

5 

1.006263

1 

2.75381

7 

0.673471

2 

p=4,q=3,r 

=5 

3.18210

7 

0.939606

6 

2.33351

4 

0.84372

4 

2.66976

5 

0.904380

9 

2.74701

1 

0.706375

4 

p=4,q=4,r 

=3 

2.39657

3 

0.739382

8 

1.86596

6 

0.67217

6 

1.54556

7 

0.617117

2 

2.17554

8 

0.579147

9 

p=5,q=4,r 

=4 

5.75627

1 

1.166091

0 

3.48511

8 

1.01026

7 

2.58220

4 

0.934807

1 

5.18658

8 

0.814560

7 

p=5,q=5,r 

=3 

5.56743

2

  

1.123769

1 

3.48511

8 

1.01026

3 

2.17005

1   

0.842376

8   

5.18803

1   

0.770196

1 

 

Table 2: MSE of various estimators for some fixed values of p,q and r and sample size 

18 
Missing 

Rates 
�̅�r5 �̅�er5 �̅�r6 �̅�er6 �̅�r7 �̅�er7 �̅�r8 �̅�er8 

p=3,q=3,

r =4 

1.52506

3   

0.603851

2  

1.41592

7   

0.479377

5 

 .618212 0.512380

2  

1.32105

7  

0.491240

2  

p=3,q=4,

r =4 

1.81102

3 

0.681681

5 

1.72075

1 

0.516498

8 

 .987264  0.555687

9 

1.54902

3  

0.501303

4 

p=3,q=4,

r =5 

2.51868

3 

0.917459

2   

2.05669

7   

0.604636

4 

 .861051  0.698419    .078814         0.622755

4 

p=4,q=3,

r =5 

1.90865

3  

0.809252

3   

2.00916

2 

0.623694

3  

2.29835

7  

0.668385  1.61129

7    

0.584912

4 

p=4,q=4,

r =3   

1.17969

4  

0.558070

9  

1.65836

5   

0.517179

9 

1.36381

2  

0.473001

9  

1.01842

4 

0.419943

9 

p=5,q=4,

r =4   

1.70174

2  

0.813179

1   

2.98097

3    

0.670578

2   

2.15286

7  

0.628763

8  

1.28708

4 

0.516175

2  

p=5,q=5,

r =3 

1.40496

8   

0.730172

5   

2.95036

5 

0.630873

6 

1.74120

3 

0.532982   1.03135

3 

0.432979 
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Table 3: MSE of various estimators for some fixed values of p,q and r and sample size 

22 

 
Missing 

Rates 
�̅�r1 �̅�er1 �̅�r2 �̅�er2 �̅�r3 �̅�er3 �̅�r4 �̅�er4 

p=3,q=3,

r =4 

0.99910

8 

 0.39096   

.891152 

0.374643 0.994428

7   

0.396257

7 

0.909920

5 

0.333924

2 

p=3,q=4,

r =4   

 

.085283   

0.430273

9 

1.00541

3 

0.415035

3 

1.063831

2 

0.432714

4 

0.995339

1  

0.352954

3 

p=3,q=4,

r =5    

1.38001

5 

0.494972

6   

1.18075

3 

0.466574

6 

1.497090

9 

0.529114

5   

1.269554

2 

0.406678

7 

p=4,q=3,

r =5    

1.38001

5 

0.494972

6 

 

.143156 

0.460699

4  

1.270741

1 

0.490502

6 

1.300586

1 

0.423259

3 

p=4,q=4,

r =3   

 

.085283   

0.430273

9  

 

.980473 

0.409630

4  

0.848289

2  

0.386167

2 

1.004092

2 

0.356669

6 

p=5,q=4,

r =4    

1.37022

8 

 

.5162657  

1.14625

7   

0.483535

3  

0.992012

1 

0.448211

2   

1.202639

5 

0.402479

5 

p=5,q=5,

r =3    

1.37022

8 

0.516265

7 

1.14625

7 

0.483535

3 

0.899536

1 

0.424228

4 

1.177894

3 

0.382908

5 

 

Table 4: MSE of various estimators for some fixed values of p,q and r and sample size 

22 

 
Missing 

Rates 
�̅�r5 �̅�er5 �̅�r6 �̅�er6 �̅�r7 �̅�er7 �̅�r8 �̅�er8 

p=3,q=3,

r =4   

0.890522

3  

0.379279

6  

0.816284

7  

0.318827

3  

0.899419

1  

0.334015

4 

0.80231

3 

0.31837

3 

p=3,q=4,

r =4   

0.973927

3  

0.416517

7 

0.916696

4  

0.338497

7  

0.960859

4 

0.348661

8  

 

.872982 

0.33348

8 

p=3,q=4,

r =5  

 

.2750213 

0.497982

2 

1.085033

1 

0.380768

3  

1.350078

4 

0.427733

7   

1.14643

6    

0.39945

6 

p=4,q=3,

r =5   

1.049141

1 

0.455885

6  

1.066742

5 

0.390259

9  

1.178161

2 

0.413745

4  

 

.960956 

0.38046

6 

p=4,q=4,

r =3 

 

.7497597  

0.365822

4  

0.893402

4  

0.335687

1  

0.781046

7  

0.317343

1  

 

.680669 

0.29719

8 

p=5,q=4,

r =4  

0.821297

2  

0.419347

9 

0.995690

1  

0.372706

5  

0.862992

7  

0.346897

4  

 

.708887 

0.32109

1 

p=5,q=5,

r =3 

0.753292

5 

0.397965

2 

0.967919

3 

0.352582

6 

0.776393

3 

0.315324

1 

0.63746

3 

0.29057

6 

 

CONCLUSION 

             The simulation results of Tables 1 and 2 showed that the newly proposed 

exponential ratio type estimators have minimum MSE as compared to the revised ratio 

type estimator for sample size 18 and different non response rates. Similarly we 

compared the result for sample size 22 which are shown in Tables 3 and 4. Therefore the 

proposed estimators are efficient than all competitor estimators under different missing 

rates of non-response. So, we can say that our proposed estimator will estimate the mean 

of the finite population more accurately. 
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